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Introduction

Multivariate Panel Count Data
recurrent events examined periodically (interval censoring)

multiple types of events (not competing risk)

Examples
the number of clinically and radiologically damaged joints in a psoriatic arthritis patient
(Gladman et al., 1995)

the number of basal and squamous cell tumors in a skin cancer patient (Bailey et al., 2010)

Theoretical/Computational Issues
no exact failure time

complex dependence for the recurrent events of the same type and of different types
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Existing methods

Random-effects models
Zeng and Lin (2020) and the references therein

Marginal models: proportional rates/means models
Sun and Wei (2000), He et al. (2007): independent or modeled examination times

Wellner and Zhang (2007): slow and unstable doubly iterative algorithm

Lu et al. (2009): arbitrary choices of spline functions
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Our contributions

a simple and stable EM-type algorithm is used for estimation

examination times are not modeled

cumulative baseline rate functions are estimated nonparametrically

asymptotic theory is established

graphical and numerical model checking techniques are first proposed
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Notation

n “ number of subjects

K “ number of types of events

Xip¨q “ (potentially time-dependent) covariates

Nkip¨q “ counting process of the kth type of event for the ith subject

0 ă Uki1 ă ¨ ¨ ¨ ă Uki,mki “ Cki are examination times for Nkip¨q

∆kij “ NkipUkijq´ NkipUki,j´1q pj “ 1, . . . ,mkiq
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Models

Proportional Rates Models

EtdNkiptq | Xiptqu “ exptβT
k XiptqudΛkptq

dNkiptq “ Nkitpt ` dtq´u ´ Nkipt´q

βk “ regression parameters

Λkptq “ arbitrary non-decreasing baseline cumulative rate function

Working Assumptions
all types of event times are independent

Nkiptq is a nonhomogeneous Poisson process
§ ∆kij are independent Poisson with means

şUkij
Uki,j´1

exp
 

βT
k Xi puq

(

dΛkpuq
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Estimation procedure
Pseudo-Likelihood

n
ź

i“1

¨

˚

˝

mki
ź

j“1

”

şUkij
Uki,j´1

exptβT
k XiptqudΛkptq

ı∆kij

∆kij !

˛

‹

‚

exp
«

´

ż Cki

0
exptβT

k XiptqudΛkptq
ff

Nonparametric Maximum Pseudo-Likelihood Estimation

tk1 ă ¨ ¨ ¨ ă tkdk “ the unique values of all examination times
λkl “ jump size of Λkp¨q at tkl

For each k, we maximize

n
ź

i“1

»

—

–

mki
ź

j“1

!

ř

l :tklPpUki,j´1,Ukij s
λkl exppβT

k Xkilq
)∆kij

∆kij !

fi

ffi

fl

exp
#

´
ÿ

l :tklďCki

λkl exppβT
k Xkilq

+

,

where Xkil “ Xiptklq.
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EM-type algorithm

Missing data (latent variables): Wkil
ind
„ Poisson

´

λkleβ
T
k Xkil

¯

Observed data: tXip¨q,
ř

l :tklPpUki,j´1,Ukij s
Wkil “ ∆kiju

Observed-data likelihood

n
ź

i“1

mki
ź

j“1
Pr

¨

˝

ÿ

l :tklPpUki,j´1,Ukij s

Wkil “ ∆kij

˛

‚“ Pseudo-Likelihood

Complete-data log-likelihood

n
ÿ

i“1

dk
ÿ

l“1
I ptkl ď Ckiq

 

Wkilplog λkl ` β
T
k Xkilq ´ λkl exppβT

k Xkilq ´ log Wkil !
(
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EM-type algorithm

E-step
pE pWkilq “ IpUki,j´1 ă tkl ď Ukijq

∆kijλkl exppβT
k Xkilq

ř

s:tksPpUki,j´1,Ukij s
λks exppβT

k Xkisq

M-step

n
ÿ

i“1

dk
ÿ

l“1
IpCki ě tklqpE pWkilq

"

Xkil ´

řn
i 1“1 IpCki 1 ě tklq exppβT

k Xki 1lqXki 1l
řn

i 1“1 IpCki 1 ě tklq exppβT
k Xki 1lq

*

“ 0.

We then update

λkl “

řn
i“1 IpCki ě tklqpE pWkilq

řn
i“1 IpCki ě tklq exp

`

βT
k Xkil

˘
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Asymptotic properties
Write pβ “ ppβT

1 , . . . ,
pβT

K q
T and pΛ “ ppΛ1, . . . , pΛK q.

Consistency

Theorem 1
Under some regularity conditions, }pβ ´ β0} `

řK
k“1 suptPr0,τk s

|pΛkptq ´ Λ0kptq| Ñ 0 almost surely,
where } ¨ } is the Euclidean norm.

Asymptotic distribution

Theorem 2
Under some regularity conditions, n1{2ppβ ´ β0q converges in distribution to a zero-mean multivariate
normal random vector with covariance matrix

Ω “ Σpβ0,Λ0q
´1EtSpβ0,Λ0qSpβ0,Λ0q

TuΣpβ0,Λ0q
´1.
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Sandwich variance estimator

Profile pseudo-log-likelihood for βk

plkpβkq “
n
ÿ

i“1

mki
ÿ

j“1

»

–∆kij log
"

ÿ

Uki,j´1ătklďUkij

rλkl exppβT
k Xkilq

*

´
ÿ

Uki,j´1ătklďUkij

rλkl exppβT
k Xkilq

fi

fl

rλkl pl “ 1, . . . , dkq are obtained from EM with fixed βk

Covariance matrix estimator between pβk and pβl

pVkl “
!

D2
hn

plkppβkq
)´1 n

ÿ

i“1
Dhn plkip

pβkqDhn pllippβlq
T
!

D2
hn

pllppβlq
)´1

plki pβkq “ contribution of the ith subject to plk pβkq
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Sandwich variance estimator

Theorem 3
Under some regularity conditions, tnppVklq; 1 ď k, l ď Ku is a consistent estimator for the limiting
covariance matrix Ω.

Statistical Inference
Lpβ „ N

`

Lβ, LVL1
˘

V “

»

—

–

V11 ¨ ¨ ¨ V1K
...

...
...

VK1 ¨ ¨ ¨ VKK

fi

ffi

fl

linear combinations (e.g., a subset of parameters, difference of two parameters)
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Model checking procedures

Residual process
pMiptq “ Nipt ^ Ciq ´

ż t^Ci

0
expppβTXiqdpΛpuq

observed ´ predicted
not fully observed
pΛ is only n1{3-consistent

Counting process of the examination times

rNiptq “
mi
ÿ

j“1
IpUij ď tq

model its rate function by EtdrNiptq | Xiu “ exppγTXiqθptqdt
n1{2-consistent estimator pγ from Lin et al. (2000)
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Model checking procedures
Multi-parameter process

W pt, xq “ n´1{2
n
ÿ

i“1

ż t

0

!

gpu, x ,Xi , pβq ´ phpu, xq
)

pMipuqdrNipuq

g is chosen to check different aspects of the model
a measure of the correlation between g and pMip¨q

rNip¨q is introduced to guarantee that only the observed values of pMip¨q are used
ph “

řn
j“1 gpu,x ,Xj ,pβq exptppβ`pγqTXju

řn
j“1 exptppβ`pγqTXju

eliminates the effects of the slow convergence of pΛ

Zero-mean Gaussian process

ĂW pt, xq “ n´1{2
n
ÿ

i“1
Aipt, x , pΛ, pβ, pγqGi ,

where Gi are independent standard normal random variables.
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Model checking procedures

Choices of gpu, x ,Xi , pβq

functional form: IpXiq ď xq
proportional means assumption: Xiq

exponential link function: IppβTXi ď xq
overall fit: IpXi ď xq

Graphical inspection
plot W p8, xq and a few realizations from ĂW p8, xq against x
plot W pt, ¨q and a few realizations from ĂW pt, ¨q against t

Supremum test
generate a large number of, say 10000, realizations from supx |

ĂW p8, xq|
compare them to the observed value of supx |W p8, xq|
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Simulation studies

Intensity functions: 0.7p1` 0.7tq´1η exppβ11X1 ` β12X2q and 0.4η exppβ21X1 ` β22X2q

pβ11, β12q “ p0.5,´0.5q, pβ21, β22q “ p0, 0.6q

X1 „ Berp0.5q and X2 „ Unp0, 1q

η | X1,X2 „ Gammapmean “ 1, variance “ X1 ` X2q

Each subject has up to 3 examination times, uniformly distributed on r0, 3s
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Simulation studies
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A skin cancer trial

Basal cell carcinoma and squamous cell carcinoma
143 patients were randomized to receive treatment
147 were assigned to placebo

Examinations: every 6 months
Covariates:

treatment indicator
gender
age at diagnosis dichotomized as ě 65 versus ă 65 years
number of prior skin tumors at baseline
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Thank you!
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