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Introduction

Multivariate Failure Time Data
Multiple events: each subject can potentially experience several events
Cluster: natural/artificial clustering of study subjects

Interval Censoring: Failure occurs within a time interval
Medical Research: Periodic monitoring of asymptomatic diseases

diabetes and hypertension in family members
asymptomatic SARS-Cov-2 infection

Theoretical/Computational Issues
no exact failure time
unknown dependence structures
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Existing methods

Random-effects models for multivariate interval-censored data
Chen et al. (2009): current-status data
Chen et al. (2014): a common set of examination times for all subjects
Wen & Chen (2013): asymptotic theory for bivariate interval-censored data
Chang et al. (2007): asymptotic theory for current-status family data
Zeng et al. (2017): transformation models for general multivariate
interval-censored data

Marginal models for multivariate interval-censored data
assume examinations occur at a common set of time points
parameterize the event time distribution
Goggins & Finkelstein, 2000; Kim & Xue, 2002; Chen et al., 2007; Tong et
al., 2008; Chen et al., 2013; Shen, 2015; Zhang & Sun, 2010; Kor et al.,
2013
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Notation

n “ number of clusters
ni “ number of subjects in the ith cluster
K “ number of types of failures
Xijkp¨q “ (potentially time-dependent) covariates
Tijk “ kth failure time for the jth subject of the ith cluster
Uijk1 ă ¨ ¨ ¨ ă Uijk,Mijk “ random sequence of examination times on Tijk

pLijk ,Rijk s “ the shortest time interval that brackets Tijk
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Data, models and pseudo-likelihood

Data: pLijk ,Rijk ,Xijkq pi “ 1, . . . , n; j “ 1, . . . , ni ; k “ 1, . . . ,K q
Marginal Proportional Hazards Models

λijkptq “ λkptq exp
 

βT
k Xijkptq

(

βk “ regression parameters
λkptq “ arbitrary baseline hazard function
Λkptq “

şt
0 λkpsqds

Pseudo-Likelihood
n
ź

i“1

ni
ź

j“1

K
ź

k“1

«

exp
#

´

ż Lijk

0
eβ

T
k XijkptqdΛkptq

+

´ exp
#

´

ż Rijk

0
eβ

T
k XijkptqdΛkptq

+ff
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Estimation procedure

Nonparametric Maximum Pseudo-Likelihood Estimation
0 ă tk0 ă tk1 ă ¨ ¨ ¨ ă tkmk ă 8 “ tLijk ą 0,Rijk ă 8; i “ 1, . . . , n; j “
1, . . . , niu

λkq “ jump size of Λkp¨q at tkq

Xijkq “ Xijkptkqq

For each k, we maximize
n
ź

i“1

ni
ź

j“1

"

exp
ˆ

´
ÿ

tkqďLijk

λkqeβ
T
k Xijkq

˙

´IpRijk ă 8q exp
ˆ

´
ÿ

tkqďRijk

λkqeβ
T
k Xijkq

˙*
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Estimation procedure

Implementation
Direct maximization

§ non-concave likelihood
§ no analytic expression for λkq
§ many λkq are zero

EM-type algorithm
§ latent Poisson variables with same observed-data likelihood
§ analytic expression for λkq
§ partial-likelihood like estimating equation for βk
§ observed-data pseudo-likelihood increases at each iteration
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EM-type algorithm
Latent variables: Wijkq

ind
„ Poisson

´

λkqeβT
k Xijkq

¯

pi “ 1, . . . , n; j “ 1, . . . , ni ; k “ 1, . . . ,K ; q “ 1, . . . ,mkq

Observed data: pLijk ,Rijk ,Xijk ,Aijk “ 0,Bijk ą 0q
Aijk “

ř

tkqďLijk
Wijkq

Bijk “ I pRijk ă 8q
ř

LijkătkqďRijk
Wijkq

Observed-data likelihood

n
ź

i“1

ni
ź

j“1

$

&

%

ź

tkqďLijk

Pr pWijkq “ 0q

,

.

-

$

&

%

1´ Pr

¨

˝

ÿ

LijkătkqďRijk

Wijkq “ 0

˛

‚

,

.

-

IpRijkă8q

Complete-data log-likelihood

n
ÿ

i“1

ni
ÿ

j“1

mk
ÿ

q“1
IpR˚ijk ě tkqq

!

Wijkq logpλkqeβ
T
k Xijkq q ´ λkqeβ

T
k Xijkq ´ log Wijkq!

)

,

R˚ijk “ IpRijk ă 8qRijk ` IpRijk “ 8qLijk
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EM-type algorithm
E-step

pE pWijkqq “ IpLijk ă tkq ď Rijk ă 8q
λkq exppβT

k Xijkqq

1´ expt´
ř

Lijkătkq1ďRijk
λkq1 exppβT

k Xijkq1qu
.

M-step
n
ÿ

i“1

ni
ÿ

j“1

mk
ÿ

q“1
IpR˚ijk ě tkqqpE pWijkqq

ˆ

#

Xijkq ´

řn
i 1“1

řni1
j1“1 IpR˚i 1j1k ě tkqq exppβT

k Xi 1j1kqqXi 1j1kq
řn

i 1“1
řni1

j1“1 IpR˚i 1j1k ě tkqq exppβT
k Xi 1j1kqq

+

“ 0.

We then update

λkq “

řn
i“1

řni
j“1 IpR˚ijk ě tkqqpE pWijkqq

řn
i“1

řni
j“1 IpR˚ijk ě tkqq exppβT

k Xijkqq
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Asymptotic properties

Let pβ “
´

pβT
1 , . . . ,

pβT
K

¯T
and pΛ “

´

pΛ1, . . . , pΛK

¯

.

Consistency

Theorem 1
Under some regularity conditions,
}pβ ´ β0} `

řK
k“1 suptPr0,τk s

|pΛkptq ´ Λ0kptq| Ñ 0 almost surely, where } ¨ } is
the Euclidean norm.

Asymptotic distribution

Theorem 2
Under some regularity conditions, n1{2ppβ ´ β0q converges in distribution to a
zero-mean multivariate normal random vector with covariance matrix Ω.
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Sandwich variance estimator

Profile pseudo-log-likelihood for βk

plkpβkq “
n
ÿ

i“1

ni
ÿ

j“1
log

"

exp
ˆ

´
ÿ

tkqďLijk

rλkqeβ
T
k Xijkq

˙

´ I pRijk ă 8q exp
ˆ

´
ÿ

tkqďRijk

rλkqeβ
T
k Xijkq

˙*

rλkq pq “ 1, . . . ,mkq are obtained from EM with fixed βk

Covariance matrix estimator between pβk and pβl

pVkl “
!

D2
hn

plkppβkq
)´1 n

ÿ

i“1
Dhn plkip

pβkqDhn pllippβlq
T
!

D2
hn

pllppβlq
)´1

plki pβkq “ contribution of the i th cluster to plk pβkq
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Sandwich variance estimator

Theorem 3
Under some regularity conditions, tnppVklq; 1 ď k, l ď Ku is a consistent
estimator for the limiting covariance matrix Ω.

Statistical Inference
Lpβ „ N

`

Lβ, LVL1
˘

V “

»

—

–

V11 ¨ ¨ ¨ V1K
...

...
...

VK1 ¨ ¨ ¨ VKK

fi

ffi

fl

linear combinations (e.g., a subset of parameters, difference of two
parameters)
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Simulation studies

Clustered data
K “ 1
ni varies from 1 to 5 with probabilities 0.1, 0.5, 0.2, 0.1 and 0.1
Treatment assignment: cluster-level X1 „ Berp0.5q
Correlated continuous covariate: subject-level X2 “ X˚1 ` X˚2

§ cluster-level X ˚
1 „ Unp0, 1q

§ subject-level X ˚
2 “ maxt0,Np0, 0.04qu

β1 “ 0.5, β2 “ ´0.5
Generate pZ1, . . . ,Zni q „ Nni p0,Σq and T˚j “ ´µ logt1´ ΦpZjqu

§ Σ is an exchangeable correlation matrix with ρ “ 0.2, 0.5 or 0.75
§ µ “ 2 exp t´ pβ1X1 ` β2X2qu

Event times: Tj “ T˚2
j

Cumulative hazard function: 0.5t1{2 exppβ1X1 ` β2X2q

Marginal proportional hazards models for multivariate interval-censored data Simulation studies 17 / 27



Simulation studies
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Simulation studies
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Simulation studies

Multiple-event data
K “ 2
ni “ 1
Subject-level X1 „ Berp0.5q and X2 “ Unp0, 1q
pβ11, β12q “ p0.5,´0.5q and pβ21, β22q “ p0.5, 0.5q
Generate T˚j “ ´µj logt1´ ΦpZjqu (j “ 1, 2)

§ pZ1,Z2q: standard normal with correlation ρ “ 0.2, 0.5 or 0.75
§ µ1 “ 2 exp t´ pβ11X1 ` β12X2qu
§ µ2 “ 5 exp t´ pβ21X1 ` β22X2qu

Event times: pT1,T2q “ pT˚2
1 ,T˚2 q
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Simulation studies
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ARIC study

Atherosclerosis Risk in Communities Study (ARIC): cohort of 14,751 white
and black individuals from 4 U.S. communities
Examinations: 1987–1989 Ñ (3-year intervals) Ñ 2011–2013
Diabetes

fasting glucose ě 126mg{dL
non-fasting glucose ě 200mg{dL
self-reported physician diagnosis of diabetes
use of diabetic medication

Hypertension:
systolic blood pressure ě 140
diastolic blood pressure ě 90
use of anti-hypertensive medication

Analysis set: 8,735 individuals without prior diabetes or hypertension
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ARIC study
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Future work

Model checking
A more flexible working dependence structure
Intermittent missing values or measurement error of covariates
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Thank you!
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